The deformations of the Galilei algebra and their associated noncommutative Newtonian spacetimes are investigated. This is done by analyzing the possible nonrelativistic limits of an eleven generator (pseudo)extended κ-Poincaré algebrã P κ and their implications for the existence of a first order differential calculus. The additional one-form needed to achieve a consistent calculus on κ-Minkowski space is shown to be related to the additional central generator entering in theP κ Hopf algebra. In the process, deformations of the extended Galilei and Galilei algebras are introduced which have, respectively, a cocycle and a bicrossproduct structure.
Introduction
The deformation or 'quantization' of the symmetry Lie group of affine spaces has been hindered by the lack of a prescription like the Drinfel'd-Jimbo one 1−2 which applies to simple groups and for which there is also a well defined universal R-matrix 3 . From a physical point of view, the most interesting groups to deform are the kinematical groups of relativistic and nonrelativistic theories, the Poincaré and the Galilei groups. But due to the lack of a definite prescription for inhomogenous groups, there is not a unique deformed Poincaré algebra. A recent classification of deformed Poincaré groups (which nevertheless does not include all proposals as e.g., 4 ) has been given in 5 based in the deformations of the Lorentz group 6 (see also 7 8 in connection with deformed Minkowski spaces). Other deformed spacetime affine algebras have been proposed in 9 . We shall devote this paper to the problem of defining a deformation of the Galilei algebra and its associated spacetime. Our starting point will be the κ-Poincaré algebra P κ 10 , which is obtained by a nonstandard contraction (i.e., involving also the deformation parameter q 11 ) from the deformed anti-De Sitter algebra U q (so (3, 2) ). From a mathematical point of view, P κ has the interest of having a bicrossproduct structure 12 , which is specially adept to deform Lie groups with a semidirect character and hence inhomogeneus kinematical groups; it is also one of the deformations in 9 and 5 . We shall obtain deformed Galilean algebras and Newtonian spacetimes by analyzing the contractions of P κ . The second Galilean deformation uncovered by our analysis, denoted Gκ in sec. 6, was given in 13 in a different basis 14 . The bicrossproduct structure and the Casimirs of Gκ (sec. 6) were not, however, discussed in this reference.
A bicovariant and Lorentz covariant first order differential calculus on κ-
Minkowski spacetime M κ has been proposed recently 15 . The self-consistency of this differential calculus requires the addition of one scalar one-form φ to the spacetime ones dx µ . We show that this additional variable may be related to a new central generator which determines a Hopf algebra 'pseudoextension' (see below) of P κ . To stress the analogy with the undeformed case, we study a differential calculus based on a non-scalar form ϕ, which in the nonrelativistic limit leads to a consistent differential calculus on an enlarged Newtonian spacetime associated with a deformation of the extended Galilei algebra. Although, up to now, there seems to be no physical need for deforming spacetime and the applications of noncommutative geometry to real physical theories do not abound (see, however, 16−17 ), the analysis of the above problems may shed some light on the nature of the deformation process.
All the algebras considered in this paper have a bicrossproduct 18 or a cocycle bicrossproduct structure 19 . The defining properties of these structures are summarized for completeness in Appendix A.
P κ and κ-Minkowski spacetime
Let us start by recalling the defining relations of the κ-Poincaré algebra P κ
10
in the basis which is suitable to exhibit the bicrossproduct structure
this basis preserves the classical Lorentz subalgebra. The Hopf algebra structure of P κ is given by adding the coproducts
counits (ǫ(P µ , M i , N j ) = 0) and antipodes
The deformation parameter κ, with dimensions of (length) −1 , appears after contracting U q (so(2, 3)) by rescaling M 5µ = RP µ and redefining the original deformation parameter q as q = exp(1/κR) before performing the R → ∞ limit; thus M i and N i are dimensionless and [P µ ] = (length) −1 . As a result, P κ introduces a 'natural' length unit 1/κ in a P κ -governed relativistic theory 20 . Since κ appears as a new 'universal' constant still undetermined, it is possible to think of κ as including factors of the other natural constant in the theory, the velocity of light c. In order to discuss possible nonrelativistic limits, we shall consider below two possibilities: a) replacing κ byκc and b) replacing κ byκ/c, which correspond to deformation parameters with dimensions [κ] = L −2 T , [κ] = frequency. Notice that we do not set κ =κc or κ =κ/c in P κ ; rather, we shall consider deformations Pκ and Pκ of P defined by making in P κ the above replacements. In fact, any factors in c hidden by the use of units in which c = 1 have to be made explicit to discuss the non-relativistic limit. They may appear accompanying constants such as κ here or in other places, e.g. as in the cocycle defining the supertranslation graded group where an 1/c factor is needed to define the non-relativistic limit of supersymmetry 22 . This fact may be used to obtain, from the bicrossproduct structure of the κ deformed superPoincaré algebra 23 , the corresponding deformed superGalilei algebra.
We do not use natural units and Planck's constanth will not appear in the text. Thus, [κ] = L −1 ; κ cannot have dimensions of mass in a classical (h = 0)
framework. There are two general approaches to discuss deformation (q = 1) and quantization (h = 1) (see 24 for an early discussion of both processes). If q = q(h) is assumed (and there is no a priori reason for it) mathematical deformation (also termed 'quantization' 25 ) implies physical quantization. Since q is dimensionless, this requires the presence of another dimensional constant that will survive in the quasiclassical approximation which itself requires a definite hypothesis on the form of q(h) (as e.g., q = exp(γh)). It constitutes an interesting problem to look in this approximation at the effects of γ in spacetime theories (for a simple analysis already exhibiting the serious difficulties that may be encountered see 26 ). If q = q(h), quantization and deformation are different processes, and the presence of q = 1 affects the commuting properties of the algebra elements at the classical level and deforms the 'product' between the algebras 27 . There is no clear way to quantize (i.e., to introduceh) a deformed system, and the heuristic multiplication of the classical generators by ih, which can be justified geometrically in the undeformed Lie algebra case, might not be an adequate prescription to obtain quantum operators when q = 1. We shall take here the q = q(h) point of view and restrict ourselves essentially to classical considerations. Thus, the translation generators will have dimensions of L −1 rather than of momenta, and the mass dimension will be introduced through the parameter characterizing the two-cocycle of a central extension.
To recover the Hopf algebra (2.1)-(2.3) as the bicrossproduct 18 U(so (1, 3) )⊲◭ U κ (T r) 12 of Hopf algebras, one needs a right action α :
as a right so(1, 3)-module algebra and a left coaction
comodule coalgebra, subjected to certain compatibility conditions (see Appendix A). The algebra U κ (T r) is the deformation of the translation Hopf algebra defined by: 3) ) is the cocommutative Hopf algebra defined on the enveloping algebra of the Lorentz algebra. The right action of the classical Lorentz algebra on T r, α(t, h) ≡ t ⊳ h, t ∈ T r, h ∈ L is defined to be (cf. (2.1)) 5) and the left coaction β is given by
Using (A.16), (A.18) it is seen that (2.2), (2.3) are recovered and hence
The associated κ-Minkowski spacetime algebra M κ may now be introduced 12 as the dual T r * to the translation (momentum) sector T r, < P µ , x ν >= δ ν µ . The commutativity (noncocommutativity) of U κ (T r) induces cocommutativity (noncommutativity) in M κ . Specifically 29, 30, 12 
The canonical action of the momenta generators on M κ is now defined by t⊲ t * =< t * (1) , t > t * (2) ; this leads to P µ = ∂/∂x µ provided it acts on elements of M κ with all powers of x 0 to the right 12 31 . As for the elements of U(so(1, 3)), their right action on T r induces a left one on M κ by < a ⊳ h, x >=< a, h ⊲ x >. Then eqs. (2.5) lead to
(to which one may add P µ ⊲ x ν = δ µν ). Using these results on quadratic terms
(κ-Minkowski metric; however, it is not a central element in M κ ).
Lorentz covariant differential calculus on M κ
A feature of the Lorentz covariant calculus on M κ of 15 is that the spacetime algebra needs to be enlarged with the addition of a one-form φ; otherwise there is no consistent solution for the relations defining the bicovariant calculus. Given a Hopf algebra A, a first order bicovariant differential calculus over A is defined 
where the left (right) equations in (3.1) express the left-(right-) covariance of Γ, (2.7)) that all dx µ are left-(LI) and right-invariant i.e., 
, and hence that
The Jacobi identity for (x µ , x ν , χ a ) then gives
where the commutators in (2.7) have been jointly expressed as [
The solutions to (3.6) and (3.7) determine a first order bicovariant differential
The action (2.8) of the Lorentz algebra is extended to the module of one-forms in the natural way
This leads to the following relations
, we may set χ µ = dx µ and look for solutions to the system of equations to which eqs. (3.9) give rise. In fact, the solution
is unique, but since it does not satisfy (3.6), it does not define a covariant calculus 15 .
To obtain a consistent solution, an additional scalar (M i ⊲ φ = 0 = N i ⊲ φ) one-form is necessary 15 , which leads to the solution
which satisfies both (3.6) and (3.7).
Two questions immediately arise. The first is the origin of the additional oneform φ; the second is related with the possibility of defining a nonrelativistic limit of P κ since eqs. (3.10), (3.11) do not have a c → ∞ limit (x 0 ≡ ct) unless κ is redefined. There are now two possibilities: a) if we replace κ byκc, all commutators in (3.10) or (3.11) become zero for c → ∞ with the exception of
b) we may replace φ by a different one-form ϕ which, in contrast with the scalar φ above, transforms as
where m is a mass parameter; thus, ϕ has dimensions of an action (the appearance of a new dimensional constant m besides c and κ, and the form of N k ⊲ ϕ in (3.13), will be justified later). Eqs. (3.13) and (3.9) lead to
(3.14)
A solution to the corresponding system of equations with unknowns A b µa in (3.5) is given by (cf. (3.11))
which may be checked to satisfy eq. (3.6) (Jacobi) and Leibniz's rule (with dϕ = 0)
for the last eqs. in (2.7) (eq. (3.7)) (in fact, the above solution (3.15) is just a simple one in an existing one-parameter family of solutions; this parameter is related to
. Then, if we now replace κ bỹ κ/c the nonrelativistic limit of eqs.
plus the c → ∞ limit of (3.15), namely
In the undeformed case (κ,κ orκ → ∞) all the expressions become commuting ones, and ϕ (or φ in (3.13)) becomes 'uncoupled' to the spacetime variables. To see the meaning of ϕ, it is convenient to look first at a larger, eleven generator, κ-deformed Poincaré Hopf algebra.
Pseudoextended κ-Poincaré algebraP κ
We now consider a deformation of the four-dimensional Poincaré Lie algebra centrally 'pseudoextended' by a one-generator algebra. The word 'pseudoextension' refers to the fact that, although a Lie group G may have trivial second cohomology group H 2 (G, U (1)), one may describe the direct product extension by means of a two-coboundary which in the contraction limit leads to a non-trivial two-cocycle of a central extensionG c of the contraction G c of G. Although the two-coboundary is trivial, it is not completely so in the sense that in the contraction it gives rise to a non-trivial cohomology group element: a contraction may generate group cohomology 34, 35 . This is the case for the four-dimensional Poincaré group P , for which P c is the Galilei group andG c is the 11-parameter central extension of the Galilei group 36 , usually denotedG (m) since for the Galilei group H 2 (G, U(1)) = R and the mass parameter characterizes the extension two-cocycle. This non-trivial twococycle is the contraction limit of a two-coboundary generated by a one-cochain which does not have a contraction limit 34,37 38 .
In terms of the Lie algebra generators, a pseudoextension may appear as the consequence of a redefinition of the basis of the trivially extended algebra which involves the contraction parameter. We accordingly introduce P κ × U(Ξ) as the
, defined by the Hopf algebra relations of P κ plus ∆Ξ = Ξ ⊗ 1 + 1 ⊗ Ξ, S(Ξ) = −Ξ, ǫ(Ξ) = 0. If we now make the change
the Hopf algebra structure is written as before with the replacement of P ′ 0 by P 0 − mcΞ. Explicitly, the deformed algebraP κ is defined by
the other coproducts being primitive. In the κ→ ∞ limit,
if the c → ∞ limit is now taken we get theG (m) commutators including the [boosts, momenta] commutator [V i , P j ] = −mδ ij Ξ (these two limits cannot be interchanged;
there is no c → ∞ limit for (4.2), (4.3) due to mcΞ). Let now χ be the coordinate dual to the central one Ξ, < Ξ, χ >= 1. Then eqs. (2.7) are now completed with
If we now introduce an enlarged κ-Minkowski spacetimeM κ with coordinates (x µ , χ), [χ] =action, the left action of the Lorentz generators on (x µ , χ) is given by (2.8) plus The action of the Lorentz generators on the commutators involving differentials is now given by (3.9) plus (3.14) in which the one-form ϕ is replaced by dχ plus
It may now be seen that eqs. (3.15) with ϕ = dχ plus the commutators in (4.4) and
define a covariant first order differential calculus onM κ which is a solution of the system of equations defined by (3.9), (3.14) (with ϕ = dχ), and (4.6), which satisfies (3.6) and (3. To conclude, let us show that the pseudoextended κ-PoincaréP κ Hopf algebra has a cocycle bicrossproduct structure (see 19 and Appendix A), where H = P κ and A = U(Ξ). In it, α and ψ are taken to be trivial, α(a, h) = aǫ(h) and ψ(h) = 1 ⊗ 1ǫ(h). The mapping β is defined by
and the coboundary by
Then, looking at in Appendix A it is seen that the consistency formulae are satisfied and that the Hopf algebra structure ofP κ is recovered; in particular, [N i , P j ] (eq. 
A deformationG (m)κ of the extended Galilei algebraG (m)
A natural way of deriving a deformed Galilei Hopf algebra is to apply the standard c → ∞ limit contraction 39 to P κ . Here, this means contracting with respect to the Hopf subalgebra defined by the translation and rotation generators using the redefinitions
the last one being solely motivated by the replacement of x 0 by ct in P 0 . The contraction is made with respect to a subalgebra and no new deformation parameter appears. This is in contrast with the contraction of U q (so(2, 3)) leading to P κ , which was done with respect to the Lorentz sector which is a subalgebra in so q (2, 3) only in the q = 1 limit (the 'boost' commutators in so q (2, 3) give rise to momenta for q = 1) and hence required that q become involved in the contraction process by setting q = exp(1/κR). If we perform this contraction in (2.1)-(2.3), however, we obtain the cocommutative, undeformed Hopf algebra structure of the Galilei enveloping algebra U(G). Moreover, we already saw that the c → ∞ limit cannot be taken directly in (3.10) and in (3.11) or (3.15). Thus, κ must be accompanied by factors of c if a non-relativistic limit has to be feasible. 
2)
the other coproducts are primitive and the antipodes of the generators are simply
given by a change of sign but for
The Casimir operators forG (m)κ are easily found. They are
In an undeformed quantum theory, we could set Ξ ∼ i/h (the dependence of the wavefunction on the central parameter may be factored out by a U(1)-equivariance condition). Thus, C 1 /2m ∝ Uκ and C 2 /m ∝ S 2 κ constitute the deformations of the internal energy and of the spin operators (in nonrelativistic quantum mechanics, the position operatorx is equal to V/m once the factor ih is added). The classical κ → ∞ limit of (5.2)-(5.5) reproduces the Hopf algebra structure of the enveloping algebra U (G (m) ) of the centrally extended Galilei algebraG (m) (in which [V i , X j ] = −mδ ij Ξ), and the standardG (m) Casimir operators.
Let us now introduce a differential calculus on the enlargedκ-Newtonian spacetime Nκ of coordinates (t, x i , χ) associated withG (m)κ . The left actions
plus
lead to
10) It is not difficult to check that the commutators antisymmetric two-cocycle (generated by the contraction process) being given by
i.e., by the c → ∞ limit of (4.9); this reproduces [V i , X j ] in (5.2).
To complete the picture, we mention that we might have looked at the nonrelativistic limit of Pκ × U(Ξ) itself. The differential calculus for it is given by (3.11) completed with [η,
Replacing κ byκc, we see that in the nonrelativistic limit η 'decouples' and that all commutators are zero but for (3.12) . This nonrelativistic calculus on Newtonian spacetime is thus noncommutative despite the fact that it is associated to the 'classical' Galilei algebra: in the c → ∞ limit, Pκ × U(Ξ) → U(G) × U(Ξ)
(rather thanG (m)κ ) sinceκ disappears in the contraction limit. Nevertheless, it may be seen that the differential calculus based on G allows for a proportionality constant µ in [x i , dx j ] = δ ij µdt (all other commutators must be zero), and thus the commutativity of the c → ∞ limit is consistent with the above result if µ is set equal to 1/κ instead of being zero.
Deformed Galilei algebra Gκ and its bicrossproduct structure
Let us now consider the redefinition b) in Sec. 3 i.e., the algebra Pκ obtained from P κ by replacing κ byκ/c. It will turn out that it is not possible to construct fully commutative diagrams as in the previous section. Nevertheless, the c → ∞ limit of Pκ (eqs. (2.1), (2.2) and (2.3)) gives rise to the deformedκ-Galilei algebra Gκ 13 40 . Since this is a deformation of the ten parameter Galilei algebra G which is interesting in itself we shall describe it now. Its commutators are given by the abelian translation sector plus
the coproducts and antipodes are given by (cf. (2.2), (2.3))
Eqs. (6.1)-(6.5) satisfy all Hopf algebra axioms; in theκ→ ∞ limit, the undeformed Galilei Lie algebra G expressions are obtained.
Since G has a semidirect product structure with the translations being an ideal, it is natural to ask ourselves whether theκ-deformation above has a bicrossproduct structure. We now show that this is the case, and that in fact it may be obtained by the contraction limits of the right action α and the left coaction β in (2.5) and (2.6). Specifically, Gκ = U(R • B)⊲◭ Uκ(T r) where now a) Uκ(T r) is the commutative and noncocommutative algebra defined by (6.2) and
is the undeformed Hopf algebra of rotations and Galilean boosts,
is defined by:
and the left coaction β :
i.e., by the c → ∞ limits of (2.5), (2.6).
To prove that Gκ = U(R • B)⊲◭ Uκ(T r) one needs checking first that the properties (A.4) (module action) (A.6), (A.7) (comodule coaction) and (A.8), (A.9) (comodule coalgebra) are satisfied with α and β defined by (6.7), (6.8) and that the compatibility conditions (A.10)-(A.14) hold. In the present case, the property (A.5) for α is automatic since α is given in terms of commutators, eq. (6.7), and the coproduct in R • B is primitive. Moreover, it is sufficient to check (A.8), are immediate, and (A.14) is automatic since A (T r) is abelian and H (rotations and boosts) cocommutative (see e.g. 18 or Appendix A). As for the r.h.s. of (A.11), it reads for e.g., Finally, let us find the Casimir operators for Gκ. The Casimirs of P κ are given by
where the deformed Pauli-Lubański vector is given by
Taking the c → ∞ limit of (6.10), (6.11), the Casimirs of Gκ are found to be
where for the second one we have used C ′ ≡ C 2 /c 2 to take the limit; it may be checked that they commute with all elements of Gκ. Moreover, forκ → ∞ they become the Galilei algebra Casimirs i.e., the square of momentum X 2 and of angular momentum (V × X) 2 ∝ L 2 respectively.
7.κ-Newtonian spacetime Nκ and differential calculus
Theκ-Newtonian spacetime Nκ may be introduced (as M κ ) by duality, now from (6.2). This leads to the basic relations
analogous to (2.7); again we find for this case, as for M κ , the physically rather inconvenient fact of having a noncommutative time. The left action of theκ-Galilei algebra generators is given by (5.6). As one might expect, the elements x 0 and x 2 are invariant in Nκ under theκ-Euclidean Hopf algebra generated by (X t , X i , J l ), eqs. (6.1)-(6.5). To introduce a first orderκ-Galilei invariant differential calculus we apply (5.6), (3.8) and obtain
i.e., the contraction limit of (3.9).
If we now try to find an expression for the commutators
following the same process which lead to (3.11) we find that there is no solution even if an invariant one-form φ is added. Let us then introduce a one-form ϕ, with dimensions of an action, and with transformation properties
Using (7.3), the relations (7.2) are now completed with the following ones
which turn out to be the contraction limit of eqs. (3.14) . Writing e.g.
A a ij χ a where χ a = (dt, dx i , ϕ), eqs. (7.2) and (7.4) give rise to a linear system of equations, which admits (3.16) as a solution. The general solution depends on one parameter λ, 
Conclusions and outlook
We have given in this paper a deformationG the dimensionless quantity needed for a phase (in particular, this would also be the situation for the simplest example of the Weyl-Heisenberg algebra). In any case, the need for this additional one-form in the presence of a deformation is not an isolated fact; for instance, it is also present in the case of the Euclidean space obtained starting from U ω E(2), for which there is also a bicrossproduct structure and a similar study can be made. This phenomenon is similar to the known unbalance between the invariant vector fields and Maurer-Cartan one-forms present in deformed groups other than the general linear groups. In fact, it appears to be difficult to construct noncommutative differential 'spaces' whose tangent spaces have the same dimension as in the undeformed theory (see, e.g. 41 , 42 , 43 and 44 ).
The commutativity of the c → ∞ and undeformed limits fails for thePκ covariant differential calculus; this is also manifest in the absence of an extended G (m)κ -type deformation coming from a c → ∞ limit ofPκ. Thus, although a deformation of the Galilei algebra Gκ and a deformed differential calculus onκ- 
APPENDIX A: Bicrossproduct of Hopf algebras and cocycles
We summarize here for completeness Majid's bicrossproduct construction and refer to 18, 19 (see also 45 ) for details. Let A and H be Hopf algebras, and let a) A be a right H-module algebra (H⊲< A)
b) H be a left A-comodule coalgebra (H > ◭ A) i.e., there exist linear mappings
(in general, superindices refer to β, subindices to the coproduct ∆), such that the properties of a1) α being a right H−module action:
a2) A being a right H-module algebra:
b1) β being a left A-comodule coaction:
b2) H being a left A-comodule coalgebra:
= h
where m A is the multiplication in A and τ is the twist mapping, are fulfilled.
Then, if the compatibility conditions
, (A.13)
, (A.14)
are satisfied 46 , there is a Hopf algebra structure on K = H ⊗ A called the (rightleft) bicrossproduct H⊲◭ A 18 defined by (h ⊗ a)(g ⊗ b) = hg (1) ⊗ (a ⊳ g (2) )b , h, g ∈ H a, b ∈ A , (A.15)
⊗ a (2) , (A.16)
In H ⊗A, h ≡ h⊗1 A and a ≡ 1 H ⊗a; thus, ah = h (1) ⊗(a⊳h (2) ). When β = 1 A ⊗I i.e. β(h) = 1 A ⊗ h (trivial coaction) and H is cocommutative, K is the semidirect product of Hopf algebras; when α is trivial, α = 1 A ⊗ ǫ H (a ⊳ h = aǫ H (h)) and A is commutative K is the semidirect coproduct of Hopf algebras 47, 18 . When α is trivial, β(hg) = β(h)β(g) (algebra homomorphism) since ǫ(g (1) )β(g (2) ) = β(g) (linearity of β).
The above construction may be now extended to include cocycles 19 . Let H and A two Hopf algebras and α and β as in (A.1), (A.2). Then A is a right H-module cocycle algebra if (A.3), (A.5) are fulfilled and there is a linear (two-cocycle) map ξ : H ⊗ H → A such that
(A.20)
(cocycle condition 48 ) and (A.4) is replaced by ξ(h (1) ⊗ g (1) )((a ⊳ h (2) ) ⊳ g (2) ) = (a ⊳ (h (1) g (1) ))ξ(h (2) ⊗ g (2) ) , ∀a ∈ A, ∀h, g ∈ H , (A. 21) which for ξ trivial reproduces (A.4). Similarly, H is a left A-comodule coalgebra cocycle if (A.6), (A.8), (A.9) are fulfilled, and there is a linear map ψ : H → A⊗A, ψ(h) = ψ(h) (1) ⊗ ψ(h) (2) , such that ǫ(ψ(h) (1) )ψ(h) (2) = 1ǫ(h) = ψ(h) (1) ǫ(ψ(h) (2) ) ,
)∆ψ(h (2) ) (2) = ψ(h (1) )∆ψ(h (2) ) (1) ⊗ ψ(h (2) ) (2) , ∀h ∈ H , (A.23) (dual cocycle condition) and (A.7) is replaced by
.
(A.24)
Then, if the compatibility conditions (A.10), (A.12), (A.14) and ψ(h (1) )∆(a ⊳ h (2) ) = [(a (1) ⊳ h (1) )h
(1) (2) ⊗ a (2) ⊳ h (2) (2) ]ψ(h (3) ) , (A.25) β(h (1) g (1) )(ξ(h (2) ⊗g (2) )⊗1) = ξ(h (1) ⊗g (1) )(h
(2) ⊳g (2) )g
(3) ⊗h
(2) g (2) (3) , (A.26) (which replace (A.11),(A.13)), together with ψ(h (1) g (1) )∆ξ(h (2) ⊗ g (2) ) = ξ(h (1) ⊗ g (1) )(h (1) (2) ⊳ g (2) )g (1) (3) (ψ(h (3) )
(1) ⊳ g (4) )g
(1) (5) ⊗ξ(h )(ψ(h (3) ) (2) ⊳ g (2) (5) ) ψ(g (6) ) , ⊗ ξ(h (2) ⊗ g (2) )(a ⊳ g (3) )b , (A.29) 
